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Abstract 
Homogeneous deformation of an ordered crystalline solid at finite temperature can cause non-affine transformation of atomic trajectories.  In 
such a case, continuum measures based on affine transformation of trajectories are insufficient to ensure energetic equivalence between the 
atomic and continuum scales.  We use molecular dynamics simulation of fcc aluminum in NVT ensembles to demonstrate that the second 
moments of atomic positions about equilibrium show increasing deviation from affine behavior with strain and temperature.  While the 
Cauchy-Born rule enforces affine deformation of the crystal in the static sense, second moments have been used to quantify non-affinity in 
thermal vibrations due to atomic trajectory transformation under macroscopic deformation. The evolution of second moments with applied 
strain becomes highly non-linear at high temperatures in the tensile regime as a result of the anharmonic potential energy surface of the 
material.  The vibrational entropy is computed using the time-averaged second moments of position from the molecular dynamics simulation.  
Stress computed using the resulting free energy is significantly lower than the virial stress in the high tensile strain – high temperature regimes. 
 
Keywords: anharmonic potential, free energy, non-affine thermal vibration
1. Introduction 
Continuum stress and strain are routinely computed from 
molecular dynamics simulations in various applications, 
particularly for validation or calibration of atomistically-based 
continuum theories [1–8] in hierarchical multiscale modeling 
and to specify continuum boundary conditions in concurrent 
multiscale modeling [8–12]. The Cauchy-Born rule, which 
enforces affine displacements of atomic equilibrium positions 
with respect to the boundary strain, is accepted to hold  for 
crystalline materials as long as the crystal undergoes 
homogeneous deformation in the region of study [7,13,14].  
Consequently, it has been widely used to link the atomic scale 
deformation of a system with the continuum scale 
deformation.  However, at finite temperatures, macroscopic 
deformation of a crystalline solid changes both equilibrium 
positions and thermal vibration trajectories of individual 
atoms, both of which contribute to the change in free energy 
of the solid.  Therefore, continuum stress measures developed 
from atomistic models aiming to satisfy energy equivalence 
between the two scales should account for both these effects.  
Molecular dynamics (MD) is popularly used for finite 
temperature atomic scale simulations and the virial stress is a 
diagnostic tool of choice [15] to extract continuum stress from 
MD.  It has been analytically demonstrated [16] that the Piola 
virial stress – first order deformation gradient pair represents 
the change in free energy of the discrete system only under 
the condition that the affine transform applies to not only the 
equilibrium atomic positions, but also their thermal vibration 
trajectories.  However, the thermal vibration trajectories of 
individual atoms need not necessarily follow the affine 
transform, especially at high temperatures.  For example, it 
has been numerically demonstrated that thermal fluctuations 
can cause non-affine displacements even in a homogeneous 
crystal [17–20].  Various higher order continuum scale 
approaches including strain-gradient [21–24]  and 
micromorphic [25–30] have been developed to account for the 
energetic influence of static non-affinity associated with the 
violation of Cauchy-Born rule in displacements of equilibrium 
atomic positions. In contrast, comparatively less attention has 
been devoted to non-affinity associated with thermal 
fluctuations.  This aspect is particularly important in the 
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computation of continuum stress in MD simulations, and in 
the development of finite temperature continuum theory. 
We aim to unveil the contribution of non-affine thermal 
vibrations, as a function of macroscopic strain and 
temperature, to the free energy, and to the continuum stress, 
of a crystalline solid undergoing homogeneous deformation 
with respect to atomic equilibrium positions. We do this using 
the example of MD simulation of fcc aluminum at 
temperatures ranging from 150 K to 750 K (0.18Tm to 
0.88Tm).  At each temperature, we (i) study the evolution of 
second moments of atomic positions under uniaxial str in, (ii) 
calculate the Helmholtz free energy, (iii) compute s ress from 
the free energy and compare it with the virial stress, and 
discuss the significance and implications of the numerical 
results.  The paper is organized as follows.  In section 2, we 
describe the procedures used to compute the entropy and free 
energy for the system, the resulting continuum stres , and the 
local deformation gradients.  In section 3, we outline the steps 
used for the molecular dynamics simulation. Finally, we 
present our observations and inferences in section 4 and 
conclusions in section 5.  
2. Measures of stress and deformation 
2.1. Continuum stress calculation 
The Piola stress, PΨ, is computed using the derivative of 
the total Helmholtz free energy, Ψ, with respect to the 
deformation gradient.  At constant temperature representing a 
canonical ensemble, it can be expressed as follows. 
( )
0 0 0 0
1 1 1 1
ij
ij ij ij ij
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V F V F V F V F
φΨ ∂Ψ ∂ − ∂ ∂= = = −
∂ ∂ ∂ ∂
  (1) 
Where V0 is the undeformed volume, U is the total 
potential energy, 〈φ〉 is the time average of the potential 
energy, F is the deformation gradient applied to the system 
boundary, T is the absolute temperature, and S is the entropy 
of the system.  The kinetic energy remains constant t 
constant temperature and does not contribute to the s ress.  
The potential energy is calculated considering all interactions 
between the atoms of the system; it does not involve 
interactions of the system atoms with the heat bath of the 
canonical ensemble.   
The virial stress, denoted as σVirial, is used as a diagnostic 
tool to compute continuum stress from molecular dynamics 
simulation.   The virial stress was originally proposed by 
Clausius and Maxwell [31]; it can be derived in a canonical 
ensemble by using a generator function to provide the desired 
canonical transformation under deformation [16,32].   The 
Cauchy form of the virial stress is defined as follows: 
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Where V is the deformed volume of the system, α is the atom 
number, f α
r
 is the force acting on atom α due to its 
interaction with all other atoms in the system, r α
r
 is the 
instantaneous position vector of atom α, pα
r
 is the 
instantaneous momentum of atom α, and mα  is its mass.  The 
Piola form of the virial stress, denoted as PVirial  is the exact 
energetic conjugate to the macroscopic deformation gradient 
when the absolute atomic positions follow the deformation 
gradient [16,33,34].  On the other hand, the Piola stress 
defined in Eq.(1), is the exact energetic conjugate to the 
macroscopic deformation gradient when the entropy 
calculation is accurate. 
2.2. Entropy calculation 
The entropy of a periodic crystal can be calculated using 
several different approaches [35–39].  Here, we employ the 
method by Kong [36] to compute the phonon frequencis 
directly from MD trajectories and use Schlitter’s approach 
[37] to calculate the entropy.  For a pure crystal whose 
primitive cell consists of a single atom, the Green’s functions   
( )ijG q
r
 in reciprocal space can be written in the form [36]: 
( ) ( )
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  (3) 
Where N is the number of atoms in the supercell, q
r
 is the 
wavevector, air  and  
b
jr    are their equilibrium positions 
obtained as time averages of the instantaneous positions for 
atoms a and b, and ab a b a bij i j i jr r r rβ = −  are the second 
moments about equilibrium positions for the atomic pair (a, b) 
with  air  ,  
b
jr  being the instantaneous position vectors of 
atoms a and b.   Clearly, the Green’s functions in reciprocal 
space are the forward Fourier transformations of the second 
moments.  Under conditions where every atom is ident cal in 


















= ∑   is the atomic average of the second 
moments between an atom and its bth neighbor.  In our 
calculations, the number of k-points chosen in the reciprocal 
space is same as the number of atoms in the supercell 
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∑   (1) 
where eigiβ  are the eigenvalues of the second moments, 
obtained using the inverse Fourier transform on the 
eigenvalues of ( )ijG q
r
   at the origin.  For the case of a 
homogenous crystal of aluminum, we find that the entropy at 
0% strain and 300 K calculated using Schlitter’s expr ssion 
[37] (S = 28.3 J/mol.K) is consistent with experimental results 
[40,41].   
2.3. Local deformation gradient calculations 
The deformation gradient at the site of each atom was 
calculated to verify that the equilibrium displacements of all 
atoms followed the boundary strain.  The following sum of 
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squares error was minimized using the approach and weight 
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Where me  is the weighted error in position of atom ,
mn
ix∆ is the vector from the mean position of atom m to the
mean position of atom n in the deformed configuration, mnjX∆    
is the same vector in the undeformed configuration, mijF  is the 
deformation gradient at the site of atom m, and wn are the 
weight functions used to weight the error contribution for the 
atomic pair (m,n).  The weight functions are inversely 
proportional to the distance between atoms m and n.  The cut-
off radius proposed by Gullet et al [42] is assigned based on 
the spread of  0bijβ  . 
2.4. Evaluation of non-affinity due to thermal vibration 
Under Cauchy’s rule [16,43], the absolute atomic positions 
follow the deformation gradient i.e.  ( ) ( )a ai ij jr t F R t=   where   
( )air t  is the position of atom a in the deformed configuration 
at time t i.e. it is the trajectory of atom a in the deformed 
configuration, ( )ajR t  is the position of atom a in the 
undeformed configuration at time t i.e. it is the trajectory of 
atom a in the undeformed configuration, and ijF  is the 
deformation gradient corresponding to the representative 
volume or supercell.    Based on a modification proposed by 
Born to Cauchy’s rule, the Cauchy-Born rule states that e 
mean atomic positions or equilibrium positions are ffine with 
respect to the macroscopic deformation gradient i.e. 
a a
i ij jr F R= [16,44], where ( )a ai ir r t=  and a aj jR R= .  The 
Cauchy-Born rule investigates the affinity of deformation in a 
static sense.  We further investigate the dynamic aff nity of 
deformation by considering the change in second moments 
about equilibrium positions under the macroscopic 
deformation.  We denote ( ) ( )ab a b a bij i j i jr t r t r rβ = − as the 
second moments in the deformed configuration and 
( ) ( )ab a bkl k lR t R tΒ = as the second moments in the 
undeformed configuration.    It follows that if Cauchy’s rule is 
satisfied, the second moments in the deformed configuration 
,ab affine
ijβ  should be related to the second moments in the 
undeformed configuration through the 
relationship ,ab affine abij ik jl klF Fβ = Β .  We investigate the dynamic 
non-affinity by comparing  ,ab affineijβ  and 
ab
ijβ .   
3. Numerical Simulations 
The MD simulation was performed using the open source 
classical molecular dynamics simulation code LAMMPS  [45] 
on a periodic supercell made of 10 X 10 X 10 primitive unit 
cells of face-centered cubic Aluminum using an embedded 
atom method (EAM) [46] potential and a Nose-Hoover 
thermostat to maintain temperature.  Periodic boundary 
conditions (PBC) were used in the three Cartesian directions 
to simulate an infinite crystal.  The simulation was performed 
in the following steps: 
1. The dimensions of the supercell under zero-stress 
conditions were estimated using time-average of a rel xed 
stress state (P=0) in the NPT ensemble using 0.5x106 time-
steps with a time period of 1 fs  at T = 300 K.  
2. Simulations were then performed at temperatures T = 
150, 300, 450, 600, and 750 K under uniaxial strains within 
elastic regime in the NVT ensemble.  For each temperature, 
the zero-strain supercell dimensions were kept the same as 
obtained at T = 300 K in step 1.  In order to simulate quasi-
static loading conditions, the supercell boundaries were 
deformed as per the applied strain, and atomic position  were 
initialized at affine equilibrium positions.  The deformed 
supercell at each strain-level was relaxed using 0.5x106 time-
steps with a time period of 1 fs (achieved converged results).  
Green strain 11ε    with  22 33 12 23 31 0ε ε ε ε ε= = = = =   was 
applied along the [100] crystallographic direction a d the 
corresponding deformed edge vectors of the simulation box 
were computed for each axial strain.  









= ∑   over all the atoms, as well as atomic 
average positions were computed using an additional 2.0x106 
time-steps beyond convergence. 
4. Each of the relaxed strained system at 300K from 
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, were 
computed at 5 representative atoms which were sufficiently 
far from the boundaries of the simulation box. Stiffness 
tensors including self-terms as well as for the 78 nearest 
neighbor interactions (b = 0 to 78) were computed.  The 











= ∑   (no summation on repeated index i is 
imposed). 
5. The virial stress values at each strain were calcul ted 
using the LAMMPS “compute stress per atom” command, 
summed over all atoms, and averaged over an additional 
0.5x106 time-steps beyond convergence.  Under uniaxial 
strain, the computed Cauchy stress is equivalent to the Piola 
stress denoted in the subsequent discussion as PVirial.
4. Results and discussion 
The free energy surface of a crystalline material at finite 
temperature is affected by the uniform affine deformation 
represented by the deformation gradient as well as by local 
non-affine fluctuations, which may be static or dynamic, 
affecting equilibrium atomic positions or vibrations, 
respectively.  In this paper, we focus solely on the local 
effects arising from dynamic non-affinity by restric ing our 
analysis to the elastic regime where all the atoms follow 
affine displacements.  The local deformation gradients at each 
atom were computed using the procedure described in section 
2.3 and verified to match the deformation gradient at the 
boundary within a specified tolerance. 
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4.1. Anharmonicity of energy 
Fig. 1(a) shows a log-log plot for the variation of the 
change in potential energy with tensile strain with the 
coordinates (log 〈φ-φ0〉, log ε11) where the origin has been 
shifted to ε11=1%.  φ0 is the potential energy at zero strain 
(specification of supercell dimension at zero strain is 
described in step 2 of section 3).  It is clear that e slopes of 
the lines at all temperatures deviate from 2, implying 
significant anharmonicity.  Although the slopes of the 
potential energy plots are very close to each other, t re is a 
clear trend of increasing anharmonicity with temperature.  
The potential energy at 750 K shows nonlinearity on the log-
log plot.  Fig. 1(b) shows a similar plot for the variation of the 
Helmholtz free energy with tensile strain with the coordinates 
(log 〈Ψ-Ψ0〉, log ε11) where the origin has been shifted to 
ε11=5%, and Ψ0 is the free energy at zero strain.  ε11=5% was 
chosen since the first non-zero value of log (Ψ- Ψ0) occurs at 
this strain at 600 K.  The free energy plots show significant 
departure from harmonic behavior at 450 K and 600 K: they 
are no longer linear even on a log-log scale.  The logarithm of 
free energy for tensile strain at 750 K is negative and has not 
been shown in Fig. 1. 
 
Figure 1 Log-log plot for variation of (a) potential energy and 
(b) free energy with tensile strain 
4.2. Variations in the second moments with loading 
Fig. 2(a) shows surface plots for the variation of the atomic 
average of the self-terms for the second moments of atoms 








= ∑  (where N is the 
number of atoms and no summation on repeated index i is 
imposed), with applied strain and temperature.  The plots 
compare 00,11
affineβ  and 0011β , described in section 2.4.  There is 
significant discrepancy between the two, with the strongest 
contrast in the high tensile strain-high temperature regimes.    
00
11β  shows non-monotonic behavior in the compressive 
regime, reaching a minimum at approximately 5% 
compressive strain at all temperatures.   
Fig. 2(b) shows the variation in self-stiffness local force 
constants, 00iik  computed according to step 4 of section 3.  We 
observe a linear decrease in the 11, 22 and 33 components in 
the tensile regime.  As expected from the loading along [100] 
crystallographic direction, the decrease is anisotropic, and the 
22 and 33 components decrease with a smaller slope than the 
loading direction. The local force constants soften at 5% 
compressive strain, which corresponds to the minimum value 
of 0011β   .  We note that affine transformations predict the
displacement of atoms purely on a kinematic basis; however 
non-affine displacements (both static and dynamic) need an 
energetic basis to explain.  Therefore, these observations 
highlight that the response of the potential energy surface of 
the material with respect to local fluctuations can be 
significantly different than its response to affine d formation 
of all atoms in the crystal.   
Fig. 2(c) shows a plot of the second moments at 300, 45 , 
600, and 750 K normalized with respect to the second 
moments at 150 K at each value of strain.  It is interesting to 
observe that in the compressive elastic regime, temperature 
has a nearly linear effect on 0011β , which explains why the 
strain level for minimum 0011β  is almost invariant with 
temperature. In the tensile regime, however, higher 
temperatures amplify the thermal vibrations in a highly non-
linear manner, with the amplification showing a rapid increase 
with increasing tensile strain.  The rapidly increasing 0011β  in 
the tensile regime can be attributed to the softening of local 
force constants under tension, particularly the 11 components, 
as shown in Fig. 2(b).  The force constants shown in Fig. 2(b) 
correspond to zero temperature, and this effect is likely 
amplified at higher temperatures i.e. the non-linearity 
increases with both tensile strain and temperature.  
Furthermore, since we perform uniaxial loading, there is 
additional tensile stress in the 22 and 33 directions.  Similarly, 
under compression, the increase in the force constants, 
coupled with the confining effect under uniaxial loading, 
results in a predominantly linear increase of 0011β  with 
temperature, with a much reduced coupled effect of s rain and 
temperature as compared to tension.  The results indicate the 
strong coupled effect of strain and temperature on the local 
potential surfaces under tension, with consequence on the 
continuum stress calculations (see section 4.3).  For brevity, 
we do not discuss the variation in inter-atomic second 
moments and local force constants although they pla an 
important role due to the multibody nature of the EAM 
potential. 
 
Figure 2 (a) Surface plot for variation of second moments with strain 
and temperature, compared against prediction from affine 
transformation, (b) variation of local force constants with applied 
strain at 0 K, (c) variation of normalized second moments with 
applied strain. 
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4.3. Comparison between stress measures 
The virial stress including the kinetic contribution in an 
Eulerian reference frame or spatial description has been 
accepted as a measure of the Cauchy stress [15,16,32,47].  For 
the case of uniaxial strain, the Piola stress and the Cauchy 
stress are equivalent.  Therefore, we compare the Piola stress 
computed per section 2.1 with the virial stress from the MD 
simulation in Fig. 3.  We note that the zero-stress condition at 
zero-strain only holds for the 300 K simulation.  Since the 
supercell dimensions are kept the same at the other 
temperatures, there is a non-zero stress at the zero-strain 
condition.  We use that value to shift the stress at zero-strain 
condition to zero for PΨ and PVirial. These shift values, which 
are the thermal stresses at the corresponding temperatur s, are 
shown in Fig. 3(a).  The thermal stress values for PΨ and PVirial 
are very close at 150 K, and the difference increases with 
temperature.  The reason for the difference is the manner of 
accounting for the entropic contribution to stress.  While the 
Schlitter’s approximation used to compute entropy for PΨ may 
somewhat overestimate the entropy at low temperatures [48], 
at higher temperatures, the affine approximation (intrinsically 
employed in the virial stress) significantly underestimates the 
vibrational amplitudes and the resulting entropy change with 
deformation.  Fig. 3(b) shows the stress variation in the 
compressive loading regime.  The differences between PΨ and 
PVirial in the compressive regime are almost entirely 
attributable to the difference in thermal stress at zero strain.   
Fig. 3(c) shows the stress variation in the tensile loading 
regime.  The strain value at which PΨ diverges from PVirial 
decreases with temperature.  Moreover, the percentag  
difference between PVirial and PΨ at 9% tensile strain increases 
from 4% at 300 K to 70% at 750 K.  We also note that PΨ 
shows a strong qualitative and quantitative resemblance to 
simulation results from tensile loading of single crystal 
Aluminum in the [100] direction based on ab-initio molecular 
dynamics [49].  We attribute the large discrepancy to the 
entropic contribution to the stress under tensile strain arising 
from significantly non-affine thermal vibration, whic  in turn, 
is a result of the anharmonicity of the potential and free 
energy surfaces, described in section 4.1.  In the context of 
alloy thermodynamics, vibrational entropy change has been 
attributed to changes in chemical bond stiffness associated 
with changes in bond length on the basis of the “bond 
stiffness vs. bond length” interpretation [50].   
The virial stress used to compute PVirial intrinsically 
incorporates the affine mapping of trajectories, whose 
efficacy decreases with increasing temperature and strain, as 
described in section 4.2.  As a consequence, the entropic 
contribution to the stress is underestimated by PVirial.  While 
the entropy computed using the Schlitter’s method tends 
towards an upper estimate of the true value, we emphasize 
that the entropy contribution in PΨ has been computed using 
the second moments directly computed from the MD 
simulation without any approximation.  We therefore 
postulate that the true stress is likely to lie in between the 
estimates provided by PΨ and PVirial.  We further explain this 
result in the framework of higher order continua.  The virial 
stress PVirial, does not automatically incorporate the energetic 
changes resulting from non-affine local thermal fluctuations.  
A non-classical continuum theory with a deformation measure 
representing these local fluctuations would be necessary to 
capture the effects of changes in local potential wel s.   
It is highly interesting to observe that PΨ shows non-linear 
elasticity and stress-softening behavior at temperatures of 
450, 600, and 750 K; the crystal begins to soften at a strain 
value well within the elastic regime.  The softening begins at 
approximately 8%, 6-8% and 5-6% strain at 450 K, 600 K, 
and 750 K, respectively.  On the other hand, the strain values 
at which the equilibrium atomic positions violate the Cauchy-
Born rule are 11%, 10% and 9% strain at 450, 600, and 750 
K, respectively.  This stress-softening mechanism i different 
from the strain-softening shown by PVirial which coincides 
with the violation of the Cauchy-Born rule, or the appearance 
of static non-affinity, and is therefore irreversible.  The results 
bear similarities to the experimental observations of 
Langenecker [51,52], who observed reversible softening of 
single crystal metals under low amplitude ultrasonic radiation.  
Softening under uniaxial tension with application of 
longitudinal ultrasonic vibration has been experimentally 
observed in several metals and metal alloys [53].  In 
agreement with the results presented here and in recent work 
[33], the role of thermal and electronic vibration was found to 
be profoundly important for deriving equations of state in α-
Uranium [54].  Reversible stress-softening under compression 
has also been reported in soft biological networks including 
actin networks [55], collagen-based networks [56], and 
cellulose networks [57], for which entropic contributions are 
significant even at ambient temperatures.   
 
Figure 3 (a) Thermal stress at different temperatures, Piola stres  
computed using free energy compared with Piola virial stress at T = 
150, 300, 450, 600 and 750 K under (b) compressive and (c) tensile 
strain 
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5. Conclusion 
From the results in this paper, we demonstrate that t e 
anharmonic nature of the interatomic potential becomes 
important at high temperatures even in the elastic rain 
regimes where the equilibrium atomic positions follow affine 
deformation.  The importance of higher order elastic 
coefficients for high temperature events has also been 
emphasized by Clayton [58].  We have shown that the hermal 
vibration of atoms, represented by the second moments about 
equilibrium positions, have a significantly non-linear variation 
with applied strain and temperature for materials de cribed by 
anharmonic potentials.  This implies that mapping of positions 
and momenta from deformed to undeformed configurations 
has complex dependence on strain and temperature.  Although 
higher order virial stresses have been derived for ze o-
temperature conditions [24], the absence of a higher-order 
virial stress for finite temperature has been pointed out 
recently as an open question in nanomechanics [57]. We 
conjecture here that procedures resembling those dev loped 
by Misra [30] or Lemaitre [26] would be suitable to formulate 
such expressions.   
In connecting higher order continuum theories to atomistic 
descriptions [23,59,60],  the effects of macroscopi 
deformation are only connected to the change in atomic 
equilibrium positions.  However, as we show in this paper, 
higher order measures of deformation and stress becom  
necessary even when the equilibrium atomic positions f the 
crystal follow the boundary strain and are completely 
represented by the first order deformation gradient.  
Derivation and validation of such measures and the 
corresponding theories are an active area of research in 
atomistic-to-continuum multiscale modeling [15,33,61– 5]. 
Our simulations were carried out using the EAM potential 
on a homogeneous crystal of fcc aluminum for the purpose of 
demonstrating our ideas, but we expect significant 
contribution of dynamic non-affinity to the continuum stress 
for any anharmonic potential.  On the other hand, static non-
affinity will be significant at small strains and low 
temperatures for solids with a directional inter-atomic 
potential [15].  For solids with more complex strucure than 
fcc aluminum, described by directional anharmonic inter-
atomic potentials, we expect highly complex evolutin of 
atomic displacements with macroscopic deformation with 
contribution from both static and dynamic non-affinity, and 
consequent challenges in the construction of a suitable higher 
order continuum description.  Although our simulations have 
been carried out for a single crystal metal, the results are 
strongly likely to be relevant for poly-crystals also due to the 
presence of preferred orientation in thermo-mechanically 
processed components [66], particularly with respect to the 
initiation of dislocations and the onset of plasticity. 
In summary, using the example of fcc Aluminum, we have: 
(a) Analyzed the highly non-affine and non-linear viation 
of second moments with strain and temperature, and 
(b) Demonstrated the synergistic role of strain and 
temperature in inducing non-linear elasticity and stress-
softening at strain values well within the elastic regime, and at 
stresses well below the expected yield strength. 
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